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Roy Model Estimates

Bounds

(aij) = A assignment matrix (non-negative elements)
assume it is of rank r . Use the singular value decomposition
(spectral decomposition).

Let A be square (not really needed). See C. R. Rao (1971)
λ
˜

is matrix of eigenvalues of A. Then we know from linear

algebra that there exists
P (M � r) λ(r � r)
Q M � r A = PλQ ′ where

columns of P are orthonormal (mutually orthogonal L unit
length)
true even if A is m � n m 6= n
P is m � r λ is r � r Q is n � r .
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Roy Model Estimates

Unique if all λi > 0. Then

aij =
r∑

k=1

λkPikqjk .

Rank one case is Cobb-Douglas (assuming 9 a cardinal scale)

aij = `icj

A =

(
n � 1
`
˜

)(
1� n
c
˜

)′

A = (`
˜
)(c

˜
)′.

The spectral decomposition assigns a Cobb-Douglas interaction
to each component:
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Roy Model Estimates

Pik is quality k of worker i
qjk is quality k of firm j .

∴ implicitly we have a Cobb-Douglas technology in qualities P11 � � � P1r
...

...
Pn1 � � � Pnr


 λ1 0

. . .

0 λr


 q11 � � � qn1

...
...

q1r � � � qnr

 .

4 / 15



Roy Model Estimates

Observe aii = wi + πi . Now aji � wj + πi

aii = wi + πi

aji � aii � wj � wi .

∴ wi � wj � aii � aji .
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Roy Model Estimates

Similarly we have that

aij � ajj � wi � wj

∴ aij � aii � wi � wj � aii � aji

Now use spectral decomposition

aij � ajj =
r∑

k=1

λk

(
Pik � Pjk

)
qjk

like marginal product

∴
r∑

k=1

λk(Pik � Pjk)qjk � wi � wj �
r∑

k=1

λk(Pik � Pjk)qik
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Roy Model Estimates

Left and right hand sides are differential marginal product using
firm j and firm i s attributes, respectively. Suppose all firms
alike: qjk = qik (firms possess no identity). Then we get
Gorman-Lancaster form of the model

wi � wj =
r∑

k=1

λk(Pik � Pjk)qk

(pure factor structure model).

Otherwise, we get the notion that workers have different
productivities depending on properties of firms). (Then
characteristics payment will depend on distributions of firms.
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Roy Model Estimates

The Model

Evidence on the Roy Model

There are two sectors, i = 1, 2.

Each agent is endowed with skills s 2 RJ
+.

The population distribution of s is g (s j Θ) where Θ is a vector
of parameters.

Agents cannot invest in order to change skills s.

ti (s) is a function that expresses the amount of sector i specific
tasks a worker with endowment of skills s can perform.
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Roy Model Estimates

The Model

Ti is total amount of tasks employed in sector i .

Ai is the vector of non-labor inputs in sector i .

F (i) (Ti ,Ai) is the aggregate output of sector i

F (i) is twice continuously differentiable, increasing and
concave.

Furthermore, F (i) (0,Ai) = F (i) (Ti , 0) = F (i) (0, 0) = 0.

Pi is the price of sector i output.

πi is the price of one unit of sector i specific task.
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Roy Model Estimates

The Model

Optimization implies:

(1) πi = Pi
∂F (i)

∂Ti

An agent with endowment s works in sector i if:

(2) πi ti (s) � πjtj (s) , i , j = 1, 2 and i 6= j .

Let Li denote the set of agents working in sector i :

Li = fs : πi ti (s) � πjtj (s) , i 6= jg .
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Roy Model Estimates

The Model

The log wage in sector i of an individual with endowment s is:

(3) lnwi (s) = ln πi + ln ti (s)

The proportion of the population working in sector i is:

pr (i) =

∫
Li

g (sjΘ) ds, i = 1, 2

Roy model assumes that g (sjΘ) and ti (s) are such that:[
ln t1 (s)
ln t2 (s)

]
� N

[(
µ1

µ2

)
,Σ

]
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Roy Model Estimates

Estimates of the Extended Roy Model

Non-manufacturing sector: predicted vs. observed log wage distribution

27
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Roy Model Estimates

Estimates of the Extended Roy Model

Manufacturing sector: predicted vs. observed log wage distribution

28
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Roy Model Estimates

Exploring the Importance of Aggregation Bias in Aggregate Wages

Simulation of a 1% increase in the energy price index

32
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Roy Model Estimates

Assessing the Impact of Self Selection on Inequality in log Wages

Assessing the impact of self-selection on the means and variances of log
wage rates for white males, 1980

34
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