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Abstract

This paper assesses quantitatively the impact of legatutiehs on entrepreneurial firm
dynamics in a model with credit constraints and endogenetault, where entrepreneurs may
differ in their willingness to bear risk. The paper shows: (ipFiegal rules, credit constraints
and default interact to generate significant welfafeas. Less risk averse entrepreneurs run
bigger firms and it is optimal for them to incorporate. Morsgkriaverse entrepreneurs run
smaller firms and generally are bettdf remaining unincorporated. (ii) Owners choose firm
size, financial structure and default to manage firm riskdifeato interesting firm dynam-
ics. More risk-averse owners tend to default more often tharless risk averse, though they
carry less debt. (iii) Credit constraints bind for many bat all entrepreneurs. (iv) The model
estimates modestfélerences in owner risk aversion, consistent with micro ssidi
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1 Introduction

Entrepreneurs’ decisions about firm legal organizatiare,stapital structure and bankruptcy are
crucial determinants of firm dynamics. The importance oflithie between entrepreneurship and
the legal environment is well explained by a quote from a sssful entrepreneur, Pat Sullivan, to
his wife when they discussed whether or not to risk startimgwa business: Ih Texas they can't
take your house away, they can't take your last car and thest take your kids. After realizing
that the law would limit their personal loss, they decidedtart a firm* Our goal is to assess
formally and quantitatively the importance of the legaliesnment on firm dynamics.

Historically, the fundamental role of corporate law wasitoil personal liability for business
debts, see Hovenkamp (1991), pp. 49-55. Supporters of theRankruptcy Act of 1800 argued
that “unforeseen accidents” were ruining respectable hagrts and there was substantial social
value in returning these merchants to active business; sssenNR003), note 11, pp. 57 and
73. Yet roughly half of all U.S. entrepreneurs are unincoaped, exposing them to substantial
personal risk. This is puzzling because the cost of incatpam is low. Furthermore, Herranz,
Krasa, and Villamil (2009) show that the puzzle remains eafésr firm tax status is accounted for.
We construct a model of firm dynamics that explains why bogresyof firms, incorporated and
unincorporated, are optimal and may co-exist.

We show that bankruptcy insures incorporated owners agpot firm returns but permits
upside gains, even after adjusting for the impact of defawloan interest rates. The legal system
affects firm dynamics, inducing entrepreneurs that are moilewilo bear risk to operate larger
firms with modest default rates, which leads to higher ouapuatwelfare’. More risk-averse agents
may not run firms, but if they do they will tend to be small widwler future value. We show that
it may be optimal for such owners to leave personal assetslairr bankruptcy by remaining
unincorporated because this allows them to credibly contomniéfrain from “excessive” default.
Attitudes toward risk are crucial (e.g., the same bankguptte will have diferent implications
for owners with diferent degrees of risk aversion), thus we allow for heterefjgrand use the
model to derive a distribution of owner risk aversion. Apaoim bankruptcy, entrepreneurs can
also manage firm risk by varying financial structure, firm sigd the amount of personal net-worth
invested. We characterize firm dynamics along these dirapasis well.

1In 1986 Pat Sullivan founded Contact Software Internali¢g6l), a software firm that developed a program
to help salespeople manage client records. In 1993 CSI waghbdy Symantec Corporation for $45 million, and
Sullivan was named Entrepreneur of the Year by Inc. maga&uakivan often tells this story in business seminars.

2The option value of maintaining the firm to realize futurenelimits default. Owners will “bail out” a firm today
with personal funds if they expectfigient future returns — this is a firm’s option value.



We link our model to the Survey of Small Business FinanceB{3o assess its quantitative
implications, identifying entrepreneurs as owners of $firahs since they typically also manage
their firm (in contrast to large firms). The SSBF data set dosttéhe detailed information on
firms and owners necessary to understand closely held eatreyrial firms, in which business
and personal assets are often co-mingled, see Herranz,kxad Villamil (2009). Such firms are
a vital part of the macro economy, producing more than 50greraf non-farm private U.S. GDP,
employing half of all private sector employees and payingdfsent of total private payroll. These
firms are a source of “good jobs,” generating 60 to 80 percemeinew jobs annually over the last
decade, employing 41 percent of high tech workers (scisngéngineers and computer workers)
and producing almost 14 times more patents per employeddtger patenting firms. Among all
U.S. employer firms, 89 percent have less than 20 empldyees.

We construct a model with a risk neutral representativederathd many long-lived agents
who may diter in their willingness to bear risk. Each period, agentsosleoconsumption and
whether to run a firm with uncertain returns. If they run a fitney choose its size, capital
structure (mix of personal funds and outside loans), andhend¢o default ex-post.Risk cannot
be diversified because owners run a single firm, not a pastfaflifirms, and firms may be credit
constrained. Default occurs in equilibrium, with the lendecovering only a fraction of the loan
and the firm unable to obtain credit for several periods. Bimeigh the &ect of default today
against access to future credit, given bankruptcy rulesofuting for heterogeneous risk aversion
and uncertain firm returns requires us to derive cumulatigbability distribution functions linked
to firm decisions. We compare model predictions to the distions constructed from data. The
discipline imposed by this check for consistency betweedehpredictions and data is the analog
of matching moments in quantitative macroeconomic models,Prescott (2006).

The paper has four main results: First, modeffedences in willingness to bear risk interact
with firm legal rules and credit constraints to generateiant welfare &ects. Less risk-averse
entrepreneurs run larger firms with higher future value dmsl ltmits their incentive to default,
hence they incorporate to protect personal assets. Inastnifrthe more risk-averse entrepreneurs
run firms they are small with lower future value. Such owneay wptimally leave some personal
assets at risk in bankruptcy by remaining unincorporatexhibee this credibly limits default ex-

3See httpywww.sba.goyadvgstatgsbfag.pdf. In the 1993 and 1998 SSBF, the median number ologegs is 7
and median assets are $270,000.

4Models with representative agents are aggregated by ryiriipthe optimal decision rules from the individual’s
problem by the number of (identical) agents. This is not jmbssn our setting becauseftirences in willingness to
bear risk (i.e., heterogeneous risk aversion parameteg)emtral to the debate on entrepreneurship. We construct
distributions to account for heterogeneity.



post. Second, we characterize firm dynamics with respedtép inancial structure and default,
and show how these endogenous choices are used to managisKir®@verall and surprisingly,
we find that more risk-averse owners tend to default morendftan the less risk averse, though
they carry less delStThird, we find that credit constraints bind for many but nbeatrepreneur$.
Fourth, we use the model to estimate owner willingness to bglaand find modest éierences,
consistent with micro studies. The finding that changesgalleules and credit constraints can
have vastly dferent impacts on agents with only smalffdrences in risk aversion shows that
agent heterogeneity and the legal environment are impdidapolicy analysis.

Our analysis requires technical innovation and high peréorce computing. The ex-post de-
fault decision introduces a non-convexity (described Wwgldieterogeneity requires distributions,
and the return distribution cannot be captured by the firsttvoments or a few states. We prove
that when an agent’s value function is scalable in net waxmplexity is reduced. The problem
Is computationally intensive because non-convex optitiumaequires care to find an appropriate
start value. Also, constructing distributions for firm sizapital structure and personal net worth
invested in the firm requires the fixed point problem to be coteg for a séiciently large num-
ber of risk-aversion values to account for agent heteragehdlthough calibration exercises can
typically use small discrete approximations of uncergaartd match moments, we cannot approx-
imate the return distribution by a few states without introitig large errors because, as we show
in section 7.5, the non-normal shape of the distributiontenst particularly the thick tails. Thus,
given continuation values, when computing an agent'stytitiaximization problem we must use
numerical integration in every step of the optimization.

Our paper is related to a large literature on entreprengufsiror example, Kihlstrom and
Laffont (1979) focus on dierences in risk aversion and formalize ideas in Knight (3920ur
result that firms of less risk-averse owners with a banksupfetion tend to be large and have
high future value, which credibly limits their incentive tiefault, is related to Hopenhayn and
Vereshchagina (2008)’'s model of occupational choice witmbgeneous risk preferences. Risk
reduces utility, which discourages entrepreneurshipldsses are limited due to the default option

5As in Chatterjee, Corbae, Nakajima, and Rios-Rull (200&fadlt occurs in equilibrium in our model. Thisfirs
from models in which default does not occur in equilibriung.eKehoe and Levine (1993).

8Although initial net-worth and the return distribution adentical across firms ex-ante, net-worth and consump-
tion evolve diterently over time due to ffierences in risk aversion and return realizations.

"The distribution of risk aversion is constructed by repegteomputing the distribution of net-worth invested for
different distributions of risk-aversion to minimize the digta to the empirical cdf.

8See Quadrini (2009) for an excellent survey of recent mamoemic theories of entrepreneurship, distinguishing
three types of studies: What factor§ext the decision to become an entrepreneur? What are thegaggrand dis-
tributional implications of entrepreneurship for saviraggl investment? How does entrepreneurstigcheconomic
development and growth?



and gains are unbounded if the firm is successful. As in ouraidkis introduces a kink in the
objective function, which encouraging risk-taking. Howegvin Hopenhayn and Vereshchagina
(2008) risky projects provide lotteries over future wealilWe cannot use lotteries to convexify
the objective function due to a commitment problem — firm sizé capital structure decisions are
made ex ante but the default decision is made ex-post, arglieo way to “force” firms to honor
an ex ante promise to refrain from bankruptcy ex-gost.

Our paper also complements recent analyses of the quamigdects of consumer bankruptcy
rules in dynamic models with limited commitment and incoetplmarkets begun in Athreya
(2002). Chatterjee, Corbae, Nakajima, and Rios-Rull (2@ Livshits, MacGee, and Tertilt
(2007) show that consumer bankruptcy provides partialrarste against bad luck due to health,
job, divorce or family shocks, but it drives up interest sat@hich impedes intertemporal smooth-
ing. In the latter paper the insuranceet generally dominates the interest raféeet for U.S.
consumers. The former finds the reverse, but both find modssivelfare &ects. Meh and
Terajima (2008) extend the model to study thkeet of consumer bankruptcy on unincorporated
entrepreneurs and find larger welfare gains from elimimggtive personal bankruptcy exemption
but losses from eliminating consumer bankruptcy entirdty.contrast, our baseline model fo-
cuses on bankruptcy by incorporated firms with heteroggmeiowner willingness to bear risk.
Bankruptcy provides insurance against poor firm returnsdefault is tempered by potentially
high future gains due to kurtosis in firm returns. We find wedfatects of bankruptcy reform
that are much greater than in consumer studies, espeamlljpdse most willing to bear risK.
We also show that less risk-averse owners incorporateewmire risk-averse owners may remain
unincorporated?!

The paper proceeds as follows. Section 2 contains the m8eetion 3 uses theory to derive
a computable problem and constructs cumulative probgliigtributions predicted by the model
for net-worth, capital structure, and firm size. The modehapped into U.S. data in Section 4.
Section 5 shows that the model is quantitatively plausildega number of dimensions, including
firm size, capital structure and default rates. Section énéxas firm legal status (incorporation).
Section 7 reports policy experiments. Section 8 concludes.

9Abbring and Campbell (2005) formulate and estimate a mofifitra dynamics and also find that a large com-
ponent of firm value is due to the option to exit. They focus dfiedences in firm size due to heterogeneity across
entrepreneurs’ skills rather tharfidgirences in risk aversion.

10The insuranceféect is more important than the interest rafiieet.

The less risk-averse run larger firms, default less and usepal funds to “bail out” their firms. More risk-averse
owners have a commitment problem, which the seizure of patsssets in bankruptcy mitigates.



2 Model with Incorporated Firms

The economy has = 0, 1, ... time periods, with a risk-neutral competitive lender anchynan-
finitely lived agents. Agents’ have a common discount patnd preferences that are heteroge-
neous with respect to risk aversion parameter N(u,0?). We assume that the lender has an
elastic supply of funds and makes one-period loans (theageematurity on loans to small firms
is less than one year in the Federal ReserS8eivey of Terms of Business Lenditg

Givenp, each agent’s CRRA utility function over consumption isggiby

1-p

u(c) = 1o

Agents have an initial endowment and access to an ex-ante identical constant returns to scale
technology. If operated, the technology produces outgér unit of assets investéd The firm’s
return is given by random variabd¢ with cumulative distribution functior(x) and probability
density functionf (x), which is strictly positive on suppork[X], X < 0, x > 0 and iid. The firm’s
output is therAx. A negative realization means that firm losses in a year ekiteeurrent assets;

the owner must either use personal funds to stay solventfaulieNet-worthuwy is derived from

the return on investment in all periotls: 1, known at the beginning of the periéti Agents also
have access to an outside investment opportunity withmetur

Entrepreneurs are agents that choose to operate a firm, wi@ahsA > 0; agents who do not
setA = 0. Entrepreneurs raise assets to invest in their firm at timéwvo ways:

Equity: Use personal net-worth, to self-finance at real opportunity cast
Debt: Take a loan, secured by business assets, at an interest/(1 — €), wherevA is the total
loan amount that must be repaid in the next period, ardels the fraction of debt finance.

The model has three interest rates:
r_: business loan interest rate (determined endogenousiafdr entrepreneur by the model);
r¢: risk-free rate (exogenous); and
r: entrepreneur’s opportunity cost of providing equity te flim (self-finance).

Entrepreneur net-wortly consists largely of illiquid assets, such as home equityetrement
savings. When an entrepreneur uses these personal funasidgoequity to the firm, their oppor-

2We consider a composite lender that supplies all liabdlifeank loans, trade credit and other liabilities) and can
infer borrower risk aversiop. Small firms lack access to long-term loans because then dftenot have audited
financial statements, payment or profit histories, or vdaliéi@ontracts with workers, input suppliers or customers.

13The risky technology and, are ex-ante identical, but net-worth and consumption evsechastically over time.



tunity cost,r, is significantly higher than the risk-free rate Thus,r exceeds;.}* Since entre-
preneurs have a positive default probability in equilibrjdoan rater| will exceedr, which makes

it optimal for the entrepreneur to mix personal funds (gguaind increase returns by leveraging,
I.e., using outside funds (debt). Given a level of busines®@A in a period, an entrepreneur
determines the optimal financial structure by choosing dregntage of self-finanee Thus, total
equity iseA and debt is (1 €)A at the beginning of the period. At the end of each period asset
areAx and the firm owesgw.

The firm faces a borrowing constraint,{%)A < bw, which limits business loans to percentage
b of entrepreneur net-worth, e.g., Evans and Jovanovic (198€r constraint depends on agent
net-worthw, which includes both firm and personal assets. Of course figata can be seized in
bankruptcy, but the constraint indicates that the banktalses account of the fact that the entrepre-
neur can use personal assets to “bail out the firm.” Becawsprthect’'s expected return exceeds
the lender’s opportunity cost of funds ] plus expected default costs, the risk neutral lender would
like projects to be highly levered and run at a large scalas Tbnstraint imposes lending limits
on entrepreneurs of each risk type, ensuring the lenderrdmiegamble on a single project.

Ex-post, the entrepreneur chooses whether to repayAoan default’®> When default occurs,
bankruptcy follows immediately and is described by two patersg andT. The court determines
the total value of firm assets and transfers d percent to the lender, wheteis a deadweight
bankruptcy loss (e.g., firm assets are sold at a loss). Thiepgaheur is protected by limited
liability (only firm assets can be seized), but has the opttgpay firm debt with personal funds if
this is optimal. If bankruptcy occurs, the entrepreneursdus have access to the firm’s returns for
T periods, which has two interpretations. First, corresfrogtb Chapter 7 in the U.S. Bankruptcy
Code, the firm may be liquidated. Because bankruptcy renmaires credit record for a period of
time, creditors and customers would be unwilling to do besswith the entrepreneur during this
period® Second, corresponding to Chapter 11, the firm may continopécate, but is owned by
the debt-holders who make investments and receive paypmamgsut it down. AfterT periods
the credit record is clean, and the entrepreneur can egstart a new firm or regain control of the
original firm, in Chapter 7 or 11 respectively.

The timing of events for incorporated firms is as follows:

l4Section 4 calibrates the model. A business loan financed imglemjuity has = 4.5% and the lender’s opportunity
costisr¢ = 1.2%, the real 6-month T-bill rate.

15A firm may default if it is unable to repagw (firm plus personal assets are less t#rand unwilling to repay
otherwise. Owners can “bail out the firm” with personal essetforestall bankruptcy, but cannot be forced to do so.

®In our model personal credit historieffect business loans, causing a credit interruption. Med@97) p. 7
finds that in small business loan scoring models, “the ownenedit history was more predictive than net worth or
profitability of the business” and “owners’ and busines$iesinces are often commingled”.
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1. Beginning of period (ex-antg entrepreneur net-worth is. There are two cases:

(a) The entrepreneur has not declared bankruptcy in any of teeipus T periodsThe
entrepreneur chooses consumptipfirm assetd, self-financee (debt is 1- €), and
amount to repay per unif\, subject to the lender receiving an ex-ante expectedfpayo
of at least (1- €)(1 + r¢).

(b) The entrepreneur declared bankruptcy k periods aglbe owner cannot operate the

firm for the nextT — k periods. Hence, only current consumption is chosen.

2. Atthe end of period (ex-pos} the firm’s return on assets, is realized. Total end-of-period
firm assets ardx. The entrepreneur must decide whether or not to default. If

(a) Default: Only firm assets are seized; the entrepreneur is left witbqrerl net-worth
(1 +r)(w— €A - c), personal assets invested at outside interestrate

(b) No Default: Entrepreneur net-worth i&(x — v) + (1 + r)(w — €A — c), which includes
both net-equity in the firm and the return on personal assets.

3 An Individual Agent’s Problem

Consider the optimization problem of an agent, with a givedticient of risk aversiom. The
goal is to determine the structure of the value function. VYeg¢esthe problem recursively, with
beginning of period entrepreneur net-wouth If bankruptcy occurred in the previodsperiods,
then the state is given by(k, w) wherek is the number of periods since default. Otherwise, the
state is given by$, w). Denote the value functions By (w) andVs(w), respectively. AftefT
periods the firm can restart, thWgt(w) = Vs(w). Let B denote the set of asset return realizations
x for which bankruptcy occurs, with complemest.

If the firm did not default in the previouB periods, the agent solves:
Problem 1 Vs(w) = max a.;u(c) +,B[f23 Ve1((1 + r)(w — eA-c))dF(X)
+ Jue Va(A(X = 0) + (1 + 1)(w — €A - ) dF(¥)]
Subiject to:

fm&XdF(X)+LQR+(1—5)XdF(X)+ch_dF(x) > (1-é€)(L+ry) 1)



xe Bifandonly if V1 (L +r)(w—eA-c)) > Vs (A(X—10) + (1 + r)(w — eA-C)) (2)

1-eA<bw (3)

c>0, A>0, 0<e<l (4)

The objective is an agent’s utility of current consumptidaspthe discounted continuation value
of end of period net-worth. Constraint (1) ensures thaténelér is willing to supply funds. The
right-hand-side indicates that the-% percent of funds the lender invests in the firm earns at least
reservation return % ry. The left-hand side is the lender’s expected return fromldae: the
first term accounts for the fact that the lender may absorbedosses when the firm’s return is
negativel’ the second term is the net amount recovered from firm assb&nikruptcy states with
positive net returns (deadweight default losarises only ifx is positive and the firm has not lost
more than the value of its assets in the period), the thinth ierthe net amount recovered from
personal assets and the fourth term is the fixed debt repaymsalvency states. Constraint (2)
specifies ex-post optimality of the default decision: Anrepteneur will default if and only if the
expected continuation paffaafter default exceeds that from solveriyAs discussed previously,
(3) is the borrowing constraint. Finally, (4) ensures nagativity ande is a percentag®.

Now consider the problem of a firm that defaulted T periods ago. Aftell periods the firm
can operate again, thg 1(-) = Vs(:). Letw’ denote net-worth next period.

Problem 2 Vg (w) = max,,, u(c) + SVek:1(w’)
Subiject to:

cl+r)+w <w@+r); (5)

cw >0. (6)

"This can occur if the loan has an overdraft provision or tha fias trade credit. In the data, this corresponds to
the case where the firm has negative equity and defaults.

18Bailing out the firm with personal funds means that the eméegur continues to operate the firm ever ¥ o.
In a one period model (instead of the dynamic model) hith andVs would be the identity mapping, and (2) would
reduce tax € B if and only if (1+r)(w — eA-c) > A(x—1) + (1 + r)(w — €A - c), which impliesx € B if and only if
x < v (bankruptcy only if the return is less than debt plus intgres

19Ex antee is a percentage, but ex post negative equity may occur. Tétiaction arises because the non-negativity
constraint on equity only applies ex ante. Ex-post, if thejgut realization is low, assets are low and end-of-period
equity will be negative due to the accounting identity: &ssalebt+ equity.



The objective of problem 2 is expected ex-ante utility. Ifaddt occurred, the agent cannot op-
erate the firm forT periods and chooses only consumption and saving, consistdnbudget
constraint (5) and non-negativity constraint (6).

We now use the fact that CRRA utility is scalable in wealth &tedmine the structure of the
value function. Proposition 1 permits value functidngs, andVs to be replaced with a number
vs. The problem can be restated as a 1-dimensional fixed poaflgm invs, simplifying the
analysis?®® The proof is in Appendix B.

Proposition 1 Suppose that the entrepreneur has constant relative riskseon. Letvs = Vs(1)
andvgy = Vex(1). Then \4(w) = wr*vs and \kx(w) = w vy

Applying Proposition 1 to Problem 2 it is straightforward dcomputevgy as a function of
vs. Further, Lemma 1 and Lemma 2 in Appendix B prove that thestorés constraint binds
and bankruptcy seB is a lower interval, with cutfh x*. Thus, the optimization problem can be
rewritten as follows, where all endogenous variables apeessed as a percentage of net-warth

Problem 3 vs = max. o ;U(C) + Bug fxx* |@+1)(1-eA- c)]l_p dF(x)

+pos [([AG-0)+ @ +1)(1-eA-c)| " dF()]

Subject to:
f; min{(1 - 6)x, x} dF(x) + f:u‘d F(X) = (L—-e)(1+r) @)
. = max{v_— [1_(_5)_ G- EA‘%} ®)
cC+eA<1 (9)
(1-A<b (10)
c>0,A>00<e<l (11)

20\We need onlyg 1, the continuation utility given that default was just annoed, ands. To simplify notation,
write vg for vg 1.



The objective is to maximize the utility of current consurmptand the discounted value of end
of period net-worth in firm bankruptcy and solvency statesngraint (7) corresponds to lender
individual rationality constraint (1), and binds by LemmanlAppendix B. Constraint (8) is the
optimal default cutfi and follows from (2) by Lemma 2. (9) ensures feasibility af@)(is the
borrowing constraint. (11) is obvious.

Problem 3 is non-convex because the timing of decisionslead commitment problent,
A €, v are chosen ex-ante, but the bankruptcy decision is madesbapd the firm cannot commit
to refrain from bankruptcy. This implies that default setafiix* is determined by (8). Lotteries
cannot be used to convexify the problem because indeperalehdmization oveA, e, ¢, v and
X* is not possible. See Krasa and Villamil (2000), Krasa anthNill (2003) for an analysis of
randomization and commitment.

3.1 Existence and Uniqueness

Proposition 2 There exisp < 1 andr > [13 — 1 such that Problem 3 has a solution for all> p
andforallr<r.

LetI'(vs) be the expected utility given continuation valuge In generall”(vs) > 1 for all vs
close to 0. Thusl" is not a contraction mapping because net-worth is unboundetie proof of
Proposition 2 in Appendix B, we show thi{0) < 0 and that there existg such thal (vs) > O for
risk aversiorp > 1. As a consequence of the intermediate value theorem neotytiof I" implies
thatI” has a fixed point. By continuity, the result extends for spmel.

If there is more than one solution to the recursive problémn the solution with the maximal
vs corresponds to the solution of the infinite horizon problehere agents select sequences for
consumption, assets, debt-equity and default.

3.2 Heterogeneous Entrepreneurs & Model Predictions

Agents are heterogeneous with respect to risk aversiors. réfquires matching model predictions
and data in terms distributions(see Krusell and Smith (1998)). We now specify the distidng
predicted by the model for end-of-period firm assets, patsoet-worth invested in the firm, and
the ratio of equity over assets (firm capital structure).e@ifirm return pdff (x) and risk aversion
pdf g, (o), the cdfs predicted by the model &fe:

21we will constructf(x) andg, (o) in the quantitative analysis.
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Cdf of Net-Worth: After realizationx, firm assets aré(p)x and debt isA(o)v. Equity in the
firm is A(p)(x — v(p)), which is positive ifx > v(p). Owner personal net-worth outside the firm is
(2 +r)(1 - c(p) — e(p)A(p)). The percent of total net-worth invested is

. _ AQ)(x= 1)) (12)
Alp)(x = v(p)) + (1 +1)(1 - c(p) — e(p)Alp))

It follows immediately thatv is strictly increasing irx. We can solve this equation far= x(w, p).

The percent of net-worth invested is less than or equal for all x < x(w, p). For firms with
positive equity, the cdf of net worth is therefore givertby

L2 fay 2 109900 ) dxdo + [ [ 10g,.0(0) dx o

~ 13
f%) f(x) dx (13)

Wi (w) =

Cdf of Equity /Assets: The percent of equity is given by

. = A(p)(x = v(p))
B Alp)x

Solve this equation fox = x(e, p). For firms with positive equity, the cdf of equiissets is then
(¢p) oo rX(ep)
[ J)” 109900y dxcp + [ L5 ()g,.0(0) dx o
f;(p) f(X) dx

o (¢) = (14)

Cdf of End of Period Assets: The current realization of end of period assets as a perdéent o
net-worth outside the firm is

A(p)x

a= 15
@+ 1= clp) = €)AP) (15)
Solve this equation fox = x(a, p) to get the cdf of end of period assets
0 X(a,p_)) =~ X(a,0)
AT (o) = f f (g (0) dx o + f f F (g0 (0) X . (16)
—oo Jx p Ix

4 Mapping the Model to U.S. Data

We use U.S. data to assign values to five model parametersoaswhstruct the distribution of
firm returns. We jointly calibrate three remaining paramgeteln table 1, we identify ¢, the
lender’s opportunity cost of short-term funds, with therage real return on 6 month Treasury

22The denominator is the probability that the entrepreneardusitive equity, wherp is the lowest parameter for
which a model solution exists. For all< p we assign the model solution as explained in section 5.
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Table 1. Exogenous Parameters

Parameter Interpretation Value Commeny Observations
I lender opportunity cost | 1.2% real rate, 6 mo T-Bill, 1992-2006
r entrepreneur opportunity cost4.5% | real rate, 30 year mortgage, 1992-2006
B discount factor 0.97 determined fronmr andr ¢
T default exclusion period 11 U.S. credit record
1) default deadweight loss | 0.10 Boyd-Smith (1994)

bills between 1992 and 2038.The interest rate charged by the lender will be strictly bigian

r+ because of bankruptcy costs. We identify the owner’s opdtst cost of fundg with the real

rate on 30 year mortgages over the period; the cost of usingehequity to finance a business
loan will also be strictly highers = 0.97 is approximated by /{1 + 0.5r; + 0.5r), with r andr;
weighed equally (firm risk cannot be diversified since a pdidfof small firms does not exist).
The bankruptcy parameters are= 11, because in the U.S. after 10 years past default is removed
from a credit record, andl = 0.1, the bankruptcy deadweight loss in Boyd and Smith (1994) an
the midpoint of costs of 0-20% of assets in Bris, Welch, and Z006).

Herranz, Krasa, and Villamil (2009) use data from the SureE¥mall Business Finances
(SSBF) on incorporated firms to compute firm return distiduf (x).2* They assume firms have
access to a common constant returns to scale “blue priftthtdogy. The return per unit of assets
for a particular firm is a sample point from this distributi@®e section 10.1). Table 2 shows that
f(x) is risky, with rightward skew and a long upper tl.

Table 2: Real Firm Return on Assets for Incorporated Firmsn®ary Statistics

Moment: median mean standard dev. skewness| kurtosis

1993 SSBF|  1.094 1.30 1.57 13.2 290
95% conf. | [1.08,1.11] | [1.22,1.38] | [0.95,2.13] | [2.3,17.3] | [29, 488]

The remaining parameters are jointly calibrated by chapbjn, o to minimize the distance

Z3\We use monthly data for T-Bill rates and deduct for each m&mrCPI reported by the BLS.

24The SSBF is a survey administered by The Board of Governoteefederal Reserve System and the U.S.
Small Business Administration in 1987, 1993, 1998 and 20B&ch survey is a cross section of about 4000 non-
farm, non-financial, non-real estate small businessesépatsents about 5 million firms. All surveys are available a
http;Avww.federalreserve.go.he surveys contain information on the characteristicawdlsfirms and the primary
owner (e.g., owner age, gender, industry, type of busingsmization), firm income statements and balance sheets,
details on the use and source of financial services, andtréoarborrowing experience (including trade credit and
capital injections such as equity). We consider only incoaged firms with assets of at least $50,000.

2595% confidence bands are computed for each moment usingtapotampling, except the interquartile range is
reported for the median. Only the 1993 SSBF has interest patsnrequired to compute return on assets.
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between model predictions and data. We first construct twmirgzal cumulative density functions
from the SSBF data. The empirical cdf of net-worth investgtiM®(w):2°

owners’ share equity
net-worth outside the firm owners’ share equity

The empirical cdf of end-of-period assets per unit of netttA®(a), is:

owners’ share asset
net-worth outside the firm

The model-predicted median assets@rgsuch thatA? (a,,) = 0.5.

Parameter$, u, o are chosen to minimize the supnorm distance between thengdied by
the model and the cdf from the SSBF data:

bminollwlr]‘(,(no) - We(w)||e + (0.431- a,,)* + (a,, — 0.519) (17)
NNep- ’

The cdf of net-worth invested implied by the mod#f;, (w), is given by (13). The supremum norm
II.ll is taken over all non-negative percentages of net-wdrirhe second and third terms impose
penalties only for asset values outside the 95% confidenerval for firm assets, which Herranz,
Krasa, and Villamil (2009) find is [43.1,51.9]. Since we exd® firms with negative equity when
determiningWe, net-worth invested is between 0% and 100%, but assets &@unded® The
lack of a well defined upper bound for assets is a problem lsectail behavior would greatly
impact model prediction; requiring the median asset levdld in its 95% confidence interval
solves this problem.

Table 3: Calibrated Parameters

Parameter Interpretation Est. Value
b% borrowing constraint: loag bw 215
u median of distribution of risk aversion 155
o standard deviation of distribution of risk aversipn 0.83

Table 3 reports the calibrated parameters. The model piseglimaximal ex ante loan size of
21.5% of entrepreneur net-worth. These loans are secureghyybusiness assets because the

26We(w) is the number of observations, accounting for sample visjgtt which the percent of net-worth invested
is less than or equal to.

2To compute the supremum norm we evalydtg, (w) — We(w)| at 1,000 equi-distant points between 0 and 1, and
take the maximum. Appendix C shows the estimates areffeattad by using square distance

\/ f (W, (w) - weoao))2 dw + ((0.431- a,,,)*)2 + (0, — 0.519)")2
28For example, 5% of firms had assets over ownership sharexbe¢eed owner net-worth by 500%.
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firm is incorporated; the lender cannot seize personal agseiefault. The median risk aversion
of the owner of an incorporated firm is 1.55, with a standandad®n of 0.83. Thus, about 75%
of all such entrepreneurs have a ffagent of risk aversion between 1 and 3, the range in real
business cycle models. Using the Consumer Expendituree$ulazzocco (2006) estimates a
median co#icient of risk aversion of 1.7 for men. We would expect enteepurs to be somewhat
less risk averse than the general population; our estinsajei§ in line with this?® Parameters
ando are used to construct the distribution of risk aversionfieorporated firmsy, (o), the final
object in the model that must be mapped into data.

Appendix A shows that the values of the calibrated pararaetemot vary significantly witka
andT. The insensitivity to changes #is due to the low equilibrium default rate. Table 12 shows
that the best model fit is obtained at a valueTof 13. Thus, if we had calibrated instead of
choosing it to be consistent with U.S. institutions, the bens for the calibrated parameters and
model results would not have changed significantly.

5 Matching Model Predictions and Data

Our model is quantitatively plausible along a number of disiens. Figure 1 compares the cdfs
predicted by the model (computed as explained in sectionv@t® SSBF dat&® The first panel
shows the model-predicted and empirical cdfs for the péroémet-worth an owner invests in
the firm. Since we fit to this empirical cdf one would expect ¢& & match, but the match is
surprisingly good given there are only three fitting pararet The data show that owners invest
substantial personal net-worth in their firms: the media?li% and the mean is 27%. The data
also show a surprising lack of diversification: 3% invest entiran 80%, 11% invest more than
60%, 25% invest more than 40% and 52% invest more than 20%mbldel replicates these facts.

The next panel compares the predicted cdf of firm assets ®misirical counterpart. The
match between these cdfs is also good, but the model unddictzra few large firms. This occurs
because model solutions do not exist bejow= 0.74, and we assign point mass @ffp < o
to p. At p, the ex-ante level of andA are 0.720 and 0.766, respectively. Thus, end of period
net-worth outside the firm, (£ eA — ¢)(1 + r) is about 0.470. Using median retuxn="1.094
from table 2, the ex-post level of assets as a percentaget-oforéh for risk aversion levep is

29since Mazzocco (2006) does not estimate the distributiotskfaversion, his estimate of the standard deviation
of 0.96 is close, but not directly comparable to ours. Wewisgender dierences in section 7.2.

3%0wner net worth, personal net-worth plus home equity, iy @nthe 1998 SSBF. The data cdf for the percent of
net-worth invested is for firms with positive net-worth adesthe firm, non-negative equity, and at least $50,000 in
assets.
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Figure 1: Model Predictions and SSBF Data for incorporateasi cdfs

AX/(1-eA-c)(1+r)) = 1.786. In the graph, this is the range where the model predmiede
moves away from the data. The model predicted median assttde48.1% in table 4 below is
well within the 95% confidence interval of [4351.9]. This also shows that the penalty term in
(17) is not relevant in the neighborhood of the optimal paetars.

The bottom panels of figure 1 compare the model predictiotifior capital structure to the
empirical cdfs for 1993 and 1998. The left panel shows thatntiodel somewhat over predicts
equityassets. This again occurs because no model solutions eiast b and (14) assigns point
mass to these values. At= 0.74 the associated value ofis 0.335. At median return level
X = 1.094, this gives an ex post value of equitysets ofX = v)/X is about 07, which is where the
kink in the left panel occurs. If the cdf efis computed conditional oa< 0.7, the model does an
excellent job of replicating the empirical distribution@juityassets among firms — see the right
panel. By definition total assets are debt plus equity, tlustgassets is a measure of firm capital
structure. The approximately uniform cdf indicates thatapital structures are equally likely and
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Table 4: Model Point Estimates

Parameter Interpretation Model Data
medianA% median firm assets (size) 48.1 | [43.1,51.9]
consumption %44 consumption as a percent of net worth 3.6 3-5
default % small firm default rate 4.4 3.5-45
neg. equity % negative equity in the firm 10.6 | 15.7,21.0

this suggests agent heterogeneity, if individual firm eitructure is optimai!

Table 4 shows that the model replicates successfully ottigets. Median firm assets match
well (as discussed above) and consumption is in the stamdagk3? The default prediction is
slightly higher than the average annual default rate of 338%mall business loans guaranteed by
the Small Business Administration reported by Glennon aiglld\(2005) and close to the default
rate on trade credit of 4.5% Boissay and Gropp (2007), tadleeatimate for small French firnds.

Negative equity, accounted for in the model in constraijt ifidicates that non-business as-
sets are used to cover business losses (e.g., personaldundpaid bills absorbed by creditors).
The model value of 10.6% is below the SSBF empirical valuesafofirms of 15.7% in 1993
and 21.0% in 1998. The use of personal funds to “bail out” a finay seem puzzling since we
consider only incorporated firms, which are protected bytéohliability in bankruptcy. Why do
these entrepreneurs not simply default on their loans? Iypnardic model an entrepreneur will
not default, and hence will continue to operate a poorlyqrering firm, if the firm’s expected
discounted continuation value isfEaiently high. While the benchmark model’s predicted leviel o
negative equity falls short of the values observed in theF$S8ction 7.4 will show the model can
better match the data if entrepreneurs are slightly optimis

Finally, parameterg ando- were used to construct the distribution of risk aversign{(p), with
mean risk aversion paramefer= 1.55. In order to better understand thieet of risk aversion
on endogenous parameters, table 5 shows how loan size, fienfisiancial structure, debt burden
and default vary as risk aversion increases. The perceofags-worth an entrepreneur borrows,
(1 - e)A, is constant when borrowing constraint (3) binds and fadlshe risk aversion increases
because the borrowing constraint becomes slack. More visisa agents also run smaller firms,
A, and use less of their own money,As a consequence, firms become more leveraged and debt

3IA uniform distribution for all firms is consistent with a det@inate capital structure for each firm.
32point estimates for expected percent of net-worth spent awmsumption and the default probability are

[2, c0)gclp) do + [ clp)guclo) dp and [2 2 1 (X)guclo) dx o + [ [ 1(X)guuclo) dx .

33They report that trade credit is a third of all firms’ totaHikities in most OECD countries.
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Table 5: Entrepreneur’s Ex-Ante Optimal Choice and Riskr8ien
P 0.9 1.2 15 1.8 2.1 2.5 3.0 3.5 4.0
1-¢eA%| 215 | 215 | 21.5| 215 | 215 | 18.7 | 15.2 | 128 | 11.1
A% 61.0 | 442 | 353 | 300 | 27.0| 22.7 | 18.3 | 154 | 133
€% 648 | 515| 39.1| 285 | 204 | 176 | 17.2 | 16.8 | 16.5

v 0.409| 0.550| 0.682| 0.798| 0.891| 0.921| 0.925| 0.928| 0.930
default% | 3.6 3.7 4.0 4.6 5.4 5.6 5.4 5.2 5.1
c% 2.2 4.0 4.6 4.9 5.0 5.0 5.0 4.9 4.9

burdenv rises, which increases the incentive to default. Conswmps roughly constant except
for the agents most willing to bear risk, where current comgtion (as a percentage of net worth)
is lower because they invest more now to consume more in theefu

6 Welfare Effects of Limited Liability

Up to this point we have focused on incorporated fiffh¥et in the SSBF roughly half the firms
are incorporated and half are unincorporated. We now centie welfare ffects of incorporation,
assuming the return distributions of both types of firms arelar. The main benefit of incorpo-
ration is limited liability: an owner’s personal assets aeparated from firm assets and cannot
be seized by creditor. In order to understand why incorporated and unincorporsieall firms
co-exist, we focus on thedtect of limiting personal liability on ex-ante welfare. Ouaim finding

is that the less risk-averse receive higher welfare froranparation and the more risk-averse tend
to be better & remaining unincorporated. This occurs because less visksa owners run bigger
firms with higher intertemporal value, which tempers thamentive to default. In contrast, the
more risk averse are unable to credibly commit ex-ante tairefrom defaulting ex-post; putting
some personal assets at risk by forgoing incorporatiorgatis this commitment problem.

In the baseline model, limited liability correspondsyte: 0. We now relax this assumption by
considering a legal system in which unincorporated agease forced to pay a percentage 0
of personal asseta(- €A — ¢)(1 + r) to investors. That is, unincorporated owners are pergonal
liable for firm debt, and in the extreme caseyct 1 all personal net-worth can be seized if the firm

34SSBF data do not contain flicient information to compute ROA for unincorporated firms/(@r wage is not
reported). See Herranz, Krasa, and Villamil (2009) for @aision of this issue.

35A secondary benefit is taxation (e.g., a firm may lower selplyment taxes by organizing as an S-corporation).
Herranz, Krasa, and Villamil (2009) show that recent firmtigdaccount for taxes, and liability status remains split
50-50. Disadvantages include small legal costs and infoomdisclosure requirements.
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Figure 2: Impact of changes #hon entrepreneurs with lower risk aversion levels

defaults*® Appendix E modifies Problem 1 to account forln the objective,)— eA—c)(1+r) in
the defaultintegral is replaced by<{%)(w—eA—c)(1+r). The investor receivedw—eA—c)(1+r),
after deadweight lossis deducted. Clearly, default cdtoc is also d@fected and is decreasing in
v. Appendix E shows that Problem 1 is equivalent to a slightbdified version of Problem 3
in which the integrand over default states is{(%)(1 — €A — ¢)(1 + r) and the investor receives
(1-06)y(% - e—%)(1+r), which is divided by asset& since the investor's constraint specifies
the return per unit of assets.

Figure 2 shows that for agents with low (below median) riskraion, any positive decreases
welfare?” The loss is substantial, especially for those most williadpear risk. Clearly, these

36In the U.S., sole proprietors and partners are personatlyantly responsible for business liabilities. In praetic
v = 1 does not occur for unincorporated firms because some pi@gsets are exempt from seizure (e.g. some equity
in a home, retirement assets, and personal assets). Thuéf e/érm is unincorporated, theffective level ofy is
significantly less than 100% and varies across individwaith (different portfolios and asset class exemptions).

$7Welfare is computed using the equivalent variation, whimhgivenp andy is thea such thatvg(iw) = Vg’ (w);
V2, Vg/(w) are value functions in solvency given e/xemption pa/ramefca/ndy’. Proposition 1 implies thatg/(/u:)) =
AFPVE (w). FurtherVi(w) = w™*VZ(1) = v} andVZ (w) = wr*V{ (1) = vd. The welfare change i = (v /vg) ™.
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Figure 3: Impact of changes #hon entrepreneurs with higher risk aversion levels

agents would wish to incorporate to protect personal assetgaisingy is detrimental to them:

While raisingy lowers default (see the top-right panel), this benefit isveighed by the fact that

raisingy discourages risk taking, resulting in a substantial deaéa firm size (see the bottom-
left panel). The size reduction is bigger for entreprensuits p = 1.55, but since less of their
net worth is tied up in the firm, their welfare loss is lower.€eleduction in the default probability
with v implies that interest rates and thus borrowing costs declutnich implies that decreases

as the firm will use more outside funds. In summary, the fieteof increasing is to reduce the

insurance provided by bankruptcy, which in turn discousaggerially beneficial risk-taking.

In contrast, figure 3 shows that more risk averse agents aotielase welfare by forgoing lim-
ited liability for some values of. This occurs because higheagents run smaller firms, hence the
loss from exclusion is smaller. This implies that ratigvs is increasing i, which in turn implies
thatx" is larger®® If entrepreneurs could commit ex-ante to a default futp(i.e., if constraint (8)
was eliminated), them; < x*. Thus inability to commit leads to higher default, which csty.

38Continuation values is increasing i, i.e., bigger firms have greater losses from exclusion. Thus < 1,
but it convergesto 1 a& — 0.
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Figure 4: Assets as a percentage of net worth and net wortisted in the firm for 1998

Raisingy lowersx*, moving the default cutd closer to the ficient (full commitment) levelx:.

As long asy is not raised too much this benefit outweighs the cost of disgging risk taking.
Figure 3 also shows that increasipgncreases firm (asset) size for entrepreneurs with3, but
not for those witho = 2 andp = 2.5. Borrowing constraint (10) binds when— 0, and when
this occursA = b, i.e., the ex-ante choice & is constant. In contrast, fgr = 3 the borrow-
ing constraint is slack for all values ¢f Raisingy lowers borrowing costs and the entrepreneur
first responds by lowering, i.e., by using more outside funds. Once it cannot be redtiadider
because = 0, the lower borrowing costs induce the firm to increAsdf y becomes too large,
however, the loss of insurance from bankruptcy starts toidata andA is reduced.

If the more risk-averse tend to remain unincorporated etlaee two observable implications.
First, table 5 shows in the baseline modeH 0), less risk averse agents run larger firms (higher
A), use more personal funds (highgy and risk aversion has littlefect on consumptiorcy. (15)
implies for givenx > 0, the more risk averse will have a smaller posterior levél.obecond, one
can check that (12) implies for giveh more risk-averse agents will invest less personal wealth i
the firm. Figure 4 shows that both implications are true inS88F data?®

Why do risk-averse entrepreneurs with a commitment prolbdemsimply incorporate and
pledge collateral? For example, the owner of a small unpmated firm with retirement assets
has two options: (i) Withdraw funds from the retirement aggoand post them as a bond with the
lender. This is costly due to early withdrawal penalties badause long-term assets earn higher

3%The distributions in figure 4 report firms with positive equaind owners with positive net worth.
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Table 6: Comparative statics for. Fix ry = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10

T 6 7 8 9 10 | 11 | 12 | 13 | 14 | 15 | 16 | 20
medA% | 56.2| 54.4| 52.7| 51.1| 49.6| 48.1| 46.7| 45.4| 44.3| 43.3| 42.4| 38.9
default%s| 6.1 | 56 | 5.3 | 50| 47| 44| 42| 40| 3.8 | 3.6 | 35| 2.9
cons.%| 3.7 37| 37| 37| 37| 36| 36| 36| 36| 36| 36| 3.6
negeq%| 84 | 88| 9.3 | 9.7 | 10.0| 10.6|11.1| 11.9| 13.4| 15.1|17.0| 21.0

returns than more liquid investments. (ii) Leave the fundthie retirement account but promise
to use them to cover business debts. The agent might renegee@romise or it may not be
enforceable by a court. Remaining unincorporatiéeatively provides collateral whepnis known

to all parties and enforced by bankruptcy courts at low cost.

In practice, remaining unincorporated and pledging cetktmay be substitutes. The desir-
ability of each alternative will depend on opportunity anmdfcgcement costs. Furthermore, the
effective amount ofy will differ significantly among entrepreneurs. For example, if mbsino
entrepreneur’s net-worth is in home equity and the entreqareresides in a state that exempts all
home equityy will be very low, while if the state permits home equity to lee&zedy will be higher.
Thus, the model suggests that more risk averse entrepsearumore likely to be unincorporated,
but it does not imply a strict cufblevel of p.

7 Policy Experiments and Comparative Statics

Overall, the model is able to account for key properties efdata. In light of this success, we
now undertake a series of policy experiments to better whaled the fect of bankruptcy rules,
credit constraints, risk aversion and optimism in explagnthe data. We conduct comparative
static exercises and use equivalent variation to assedareéltilities of heterogeneous agents
cannot be compared). We also perform a counterfactual iseet@ show the importance of the
return distribution.

7.1 Bankruptcy Policy: T, 6

Bankruptcy Exclusion Period T:

Consider the ffect of changes iT on welfare, where longer exclusion raises the penalty
of bankruptcy. Table 6 fixeg, o, b, and evaluates theffect of altering the exclusion period
from the benchmark = 11. AsT decreases default increases rapidly. Firm size increases,
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Table 7: Welfare Hect asT Varies: % change in net-worth compared to benchmark

risk aversiorp | 09 | 1.2 | 15| 18| 21| 25| 30| 35| 4.0
T=6 369|112 77| 6.1 50| 39|31|26]| 22
T=8 198 551391302419 |15]13| 11
T=10 6313|211/ 08|07|05|04|03|0.3
T=11 — e el e B B e B
T=12 -36|-0.7/-09|-0.7|-05|-0.4|-0.3|-0.3|-0.2
T=14 -76 | -441-21|-18|-14|-1.0|-0.8|-0.6| -0.5
T=16 -12.7| -65|-3.8|-24|-20|-15|-1.1|-09]| -0.7

measured by median asset ledelBecause is fixed, the decrease in total investment results in a
decrease in equity and an increase in debt, which raisesivieegguity. One of the main economic
arguments in support of recent U.S. bankruptcy reform wasrtiore stringent bankruptcy rules
lower interest rates, and therefore help borrowers. Tablie Appendix A shows that the loan rate
indeed decreases @&sncreases. However, stricter bankruptcy provides lesgamce against bad
realizations, and thisfiect dominates. Table 7 shows that lowering the exclusiolg@éncreases
welfare, and the model implies that it is optimal to 3etas low as possible. Decreasiiigis
beneficial in the baseline model because it allows a firm tiareand be productive, in accordance
with the historical rationale for bankruptcy, though= 0 may not be possible or desiraife.

The tradeff between insurance provided by firm bankruptcy and higherést rates induced
by increased default has been analyzed for consumer baokioypChatterjee, Corbae, Nakajima,
and Rios-Rull (2007) and Livshits, MacGee, and Tertilt (Z00n both models consumers trade
off insurance against health, divorce or family shocks versasumption smoothing; the signs of
the traded's differ but the welfare fects are mode$ét. Meh and Terajima (2008) add unincor-
porated entrepreneurs to the model, and find a larger wedfeeret of 1.78%. In contrast, table 7
reports strong welfarefkects from reducing the exclusion penalty in our model, paldrly for
agents with low levels of risk aversion. The main reasonlierditerence between our model of
firm bankruptcy and the consumer bankruptcy models is tltataiag the punishment period en-

4OFor example, information frictions would make a very [Bwindesirable. Suppose entrepreneurs could choose be-
tween the blueprint return distribution and an alternatwih more risk that is socially undesirable. In an instibuil
environment in which strong ex ante and interim screeningirarisms exist and penalties are credible, a sinain
be suficient to avoid moral hazard or adverse selection. In conptaasountry with poor institutions would require a
largerT to deter entrepreneurs from choosing the alternativeibligion, thus generating additional iffieiencies.

“1In our model credit is secured, for example by a house, and libbek” is a poor returrx rather than the health,
job, divorce or family shocks in the consumer models. The fisper finds that when punishment is reduced from 10
to 5 years welfare drops by 0.05%, thus the negatiferefrom a higher interest rate and tighter borrowing cariistr
slightly dominates the insurance benefit of a shorter punésit period. The second paper shows that the insurance
effect is sometimes weakly dominant, but again tfiea is modest.
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Table 8: Comparative Statics for r¢ = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10
b 0.10| 0.15| 0.20| 0.21| 0.25| 0.30| 0.35| 0.40| 0.50
medianA % | 46.9| 47.1| 47.8| 48.1| 49.0| 50.5| 51.8| 52.4| 52.5
default% | 3.0 | 36 | 43| 44| 48 | 52| 54 | 56| 5.9
cons.% | 36| 36| 36| 36| 37| 37| 37| 36| 3.6
negEq. % | 5.7 | 7.7 | 10.0| 10.6| 11.7| 12.9| 13.6| 14.2| 15.0

courages entrepreneurs to invest more in their firms (opetat larger scale), and increased output
raises welfare. In this sense, even though we do not findregtk@riations i, risk interacts with
the dynamic decision problem, return distribution and aptcy rules to have an importarftect

on some (heterogeneous) agents, namely those that invesheavily in their firms.

Bankruptcy Cost 6: Appendix A analyzes bankruptcy castefficiency in liquidating firm assets)
and table 16 shows the welfarffect is minor. However, i is very large and there are large fixed
costs to creditors to recover payments in default, ageritsrwio avoid costly bankruptcy, through
debt forgiveness or renegotiation. The static model of &Kr&harma, and Villamil (2008) shows
that when courts are ficiently indficient substantial deadweight losses are possible.

7.2 Credit Constraints

Policy can also fiiect credit constraint parameter Table 8 shows that increasifgallows firms
to borrow more, and hence operate at a larger s&al&€he higher levels of firm debt, however,
increase the percentage of firms who default or have negedqiuigy. Table 9 shows substantial
welfare dfects from raising for the least risk averse agents, but not for the more risksaviee-
cause for sfiiciently highb the credit constraint does not bind. Comparing the welffliects of
T andb shows that an entrepreneur with medigimenefits more from reducing than from relax-
ing the borrowing constraint, in the baseline model. In pcag relaxing the borrowing constraint
could be achieved by providing subsidized loans targetediall business, such as SBA loans.

7.3 RIisk Aversion

Now consider theféect of changes in risk aversion. Clearly policy cannot mpdifbut compar-
ative statics show how owner risk aversidieats the firm. In table 10, asincreases, owners run
smaller firms. Becaudeis fixed, these smaller firms have higher debt, which exphaimg nega-

tive equity and default rise with. Mazzocco (2006) finds that women are more risk averse than
men p of 5 versus 1.7). In our model this parameter change wouldyithat (i) less women own
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Table 9: Welfare Hect ash Varies: % change in net-worth compared to benchmark
risk aversiop | 09 | 12| 15| 18| 21| 25| 30| 35| 4.0
b=0100 |-13.1|-85|-6.2|-49|-3.7|-2.2|-09|-0.2|-0.1
b =0.150 -6.1 |-48|-3.2|-20|-14|-04| 00| 0.0| 0.0
b =0.200 -1.8 |-0.2|-06|-04|-0.1| 0.0| 0.0 0.0 0.0
b=0.215 — | - = == =] = | — | —
b =0.250 82 17|13 06|00| 00| 00|0.0]O0.0
b =0.300 148| 42|24 07|00 00|00|00]| 0.0
b =0.400 266 | 72| 27|07|00|00|00|0.0|0.0
b =0.500 350 75| 27|07|00|00|00|0.0|0O0.0

businesses, (ii) they run smaller firiffsand (iii) they have higher negative equity. The SSBF data
indicate that all three model implications are consisteitit Whe data. In 1993 and 1998 women
owned 16% and 24% of businesses, respectively. In 1998 madsets, normalized by net-worth
outside the firm, were 39% for firms owned by women and 53% fan (tiee only year net-worth

is reported). Finally, negative equity for women was 19.58tsus 14.8% for men, and 26.1%
versus 19.4% in 1993 and 1998, respectively. Absent the ntb@eobservation that firms run by
more risk averse owners have more negative equity might seemterintuitive.

Table 10: Comparative Statics forry = 1.2%,r = 4.5%,8 = 0.97,5 = 0.10

u 1.151.25/1.35|1.45| 1.55| 1.65| 1.75| 1.85
medianA % | 74.3| 65.4| 58.3| 52.7| 48.1| 44.4| 41.2| 38.6
default% | 4.2 | 42 | 43 | 44 | 44| 45| 46 | 4.7
cons.% | 28| 30| 32| 35| 36| 38| 40| 4.1
negEq. % | 8.4 | 8.9 | 9.5 (10.0/10.6| 11.1| 11.7| 12.3

7.4 Entrepreneur Optimism

How does optimism by entrepreneufBeat our results? Intuition suggests that less risk avesss, |
optimistic agents will behave similarly to more risk avens®re optimistic agents. This leads to
an identification problem: optimistic agents may be obgderaally equivalent to less risk averse,
non-optimistic agents. We now investigate whether the mbds observable implications that
are uniquely induced by optimism. Assume that an optimistitepreneur believes the firm’s
return exceeds the true return by some fixed percerdagermally, this implies the entrepreneur

42|n an interesting study of nascent entrepreneurs, CamphdlDeNardi (2009) table 6 documents that women
plan to run smaller firms than men, suggesting an inndferénce.
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Figure 5:Empirical firm return pdf versus normal pdfs, SSBF 1993

assumes that firm returns ate-o, which yields cdfH(x—0) in the objective of problem 3. Assume
the lender uses the correct distribution to determine figydin problem 3.

Tables 17 and 18 in Appendix A vanyby 5% and 10% respectively, and fix all other param-
eters*® The tables show that slight optimism improves the fit in thediae model withl' = 11
while keepingu, o and the default rate in acceptable ranges. Credit consfparameteb in-
creases slightly, as dods Negative equity increases to a level consistent with SSB& bdecause
optimistic entrepreneurs run larger firms: they expect éidbture returns relative to the baseline
and increase total debt Equity is negative ik < v. Whenv is higher,x < vis more likely and this
increases the percentage of projects with negative eqMtld entrepreneur optimism can thus
account for the level of negative equity observed in the 189BF (15.7%) and still accommodate
the relatively low level of default observed in the data.

7.5 Counterfactual Exercise: Empirical vs. Normal Returns

The features of return distributiof(x) are important for understanding entrepreneur behavior.
Figure 5 compares the empirical distribution of return osess for incorporated firms in the 1993
SSBF to two normal distributions with fierent means and varianc€sClearly, small firms have
risky, non-normal returns. The standard deviation is hwgth the higher risk somewhat compen-

43Differences in manager ability could be modeled by consideriigteibution H(x, a), wherea denotes ability.
We focus on heterogeneity in risk aversion because it israktat theories of entrepreneurship. Furthermore, firms
with very high and low ability will exit the SSBF sample — tleowith low ability will tend to close down and those
with high ability will become too large to be included in thergey. See, for example, Antunes, Cavalcanti, and
Villamil (2008), Cagetti and DeNardi (2006) or Meh and Tareg (2008) for models with ability heterogeneity.

4We use 1993 data because it is the only SSBF data set witedt&xpenses, which are required to compute ROA.
We consider only incorporated firms with at least $50,00G#ets.
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sated by a higher mean, and the distribution is skewed rigthtigh kurtosis (i.e., a long upper
tail), see table 2. About 12% of firms lost more than 20% of sgwested (debt plus equity),
7.4% lost more than 40%, and 3.8% lost more than 100%. Howewsitive returns are even
more substantial: 20.7% exceeded 50%, 10.4% exceeded H@P3B,8% exceeded 200%.

We conduct two counterfactual experiments to show thateéham distribution is important.
The experiments replace the empirical ROA distribution patad from SSBF data, keeping all
other benchmark settings the same, with twidedent normal distributions. In figure 5 the right
panel shows the “best fit” normal distribution that minimizee maximum distance between the
normal and empirical cdfs and the left panel shows the nodisatibution with the same mean
and variance as the empirical distribution.

Best Fit Normal Distribution. Let g, , be the density of a normal distribution with meamand
standard deviatioor andf be the density of the SSBF distribution. Solve milsup, |g,. (X)—f (X)|

to find a normal distribution that best approximates the eicgdidensity function. The resulting
values arex = 1.193 andr = 0.394, shown in the right panel of figure 5. In order to fit the “oHef
this normal distribution has less mass in the tails and, asaexjuence, is less risky. Thus, when
re-calibrating the model, median risk aversion increas®es f..55 to 2.33 but at the same time, for
givenp, the lower project risk in this normal distribution encogea entrepreneurs to run larger
firms. Default is lower, again because this normal distidsuhas a thinner lower tail. Finally,
the thinner upper tail implies that less firms will be “lucksghd have a very good realization. In
order to match the distribution of net-worth invested, firmgst be more leveraged: Given two
solvent firms with the same realization, a more leveraged éamms a higher return because the
owner receives a higher residual after making the fixed dapment*® The somewhat higher
level of debt also implies that more low realizations wikué in negative equity, and the predicted
percentage of firms with negative equity increases from%Q®13.7%.

Normal Distribution with SSBF u,o. The left panel of figure 5 compares the SSBF pdf with
a normal distribution with the same mean and standard dewiaTable 11 shows the results for
this distribution are significantly at odds with the dataghlighting the importance of the return
distribution. First, the fat tails lead gpando with all point mass ab andp, wherep is the highest
risk aversion for which we compute a solution. Generally,cag ?:hoose sufficiently high that
the mass above s negligible; this cannot be done for this normal distribotwith fat tails angp
affects the result® Second, the model predictions in the last column of tableréinaplausible.

45This also explains the higher valuelof
46Upper boungb is needed for computation; it is impossible to compute swohstfor a fine grid p, eo].
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Table 11: Counterfactual Experiment: Normal Distribuson

Parameter Data Empirical f(x) | Best Fit Normal g(X) | u, o Normal g(X)
SSBF 1993 | u=1.193,0=0.3938 | ©=1.300,0=1.193
u 1-3 1.55 2.33 4.4 % 10°
o NA .83 1.11 7.9x% 10
b% NA 21.5 30.0 23.4
fit NA 0.042 0.040 .045
median A%| [43.1,51.9] 48.1 54.7 38.6
default % 3.5 4.4 15 61.0
cons. % 3-5 3.6 4.9 3.1
neg. Eq % 15.7 10.6 13.7 64.4

8 Concluding Remarks

This paper assesses the quantitatiteeats of changes in bankruptcy rules and credit constramts o
firms when agents have modesdffdiences in their willingness to bear risk. Corporate baoicyu
insures owners against extreme personal loss, but preste@ossibility of very high future firm
returns. The empirical return distribution for small U.3ms has most mass centered around the
middle (see figure 5), which is attractive to individualstwgtandard degrees of risk aversion,
and a long upper tail. Entrepreneurs tradietbe value of absorbing a current loss against the
option value of maintaining the firm. We find that modegfatiences in risk aversion interact with
policies to generate significanffects on output and welfare for some agents. The model also
links firm legal status with owner risk aversion. Less riskei@e owners incorporate to protect
personal assets because higher firm option value leads & sfault rates, while if more risk-
averse owners run firms they tend to remain unincorporateis. Seemingly paradoxical behavior
occurs because placing some personal assets at risk ofesaifmws more risk-averse owners to
solve their “excess default” problem bffectively posting a bond a postiori. Of course, if the legal
system is too costly, slow, corrupt, or not credible, bapkey will not improve outcomes.

There is a large literature which shows that default is berafin risky lending relationships
because it introduces a contingency into (non-contingdett} contracts. Thus, the relatively low
default rates observed empirically may be puzzling. We sthatvalthough bankruptcy allows risk-
averse agents to protect themselves against extremelyubashoes, even when current realizations
are poor owners may use personal assets to “bail out” theisfio avoid bankruptcy. In our model
this occurs for three reasons. First, the firm has futureoapialue. Second, a firm uses many
strategies to manage risk — including altering its sizeitahgtructure (e.g., injecting equity from
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personal net-worth), and sometimes choosing to defaultd;Tthe firm’s default decision and the
bankruptcy rule permit the firm tdiectively alter the return distribution, which has an ingtirey
empirical shape described previou$ly.

Our goal was to highlight the importance offérences in risk aversion for entrepreneurship,
but a number of extensions to our model are possible. Inquéati, important work by Paulson and
Townsend (2006) distinguishes limited liability from mbheazard. In our model the lender can
infer agents’ risk aversion (e.g., from their loan requdst)s adverse selection and moral hazard
do not occur. If the cd@cient of risk aversion were private information, two typésras-reports
might occur: more risk averse agents could pretend to beitdsaverse and vice versa. Our agents
would never have an incentive to pretend they are less risksa\because they would pay a higher
interest rate in exchange for a larger line of credit, whiwytdo not need (see table 13). They also
would not have an incentive to pretend they are more risksaveecause they would get a slightly
lower interest rate but a significantly smaller loan — tabééws that loan size (e€)A goes down
asp rises and table 13 shows that interest rd{& — €) does not change significantly. Paulson and
Townsend (2006) show that an information friction and a cedietween entrepreneurship and
wage work creates an important role for moral hazard. Inrévork we plan to extend our model
to quantify the &ects of Paulson and Townsend’s insight in our framework.

Our model currently uses a composite lender to aggregat@ang sources from which firms
obtain loans — banks, trade credit associations, leasingpanies, and credit cards. In future
work, it would be useful to model the problems of thes@edent lenders. For example, it would
be instructive to consider the problem of a bank that musdetttieposits and make loans, subject
to default risk and regulation. Similarly, trade credit dedsing are important when lenders face
information and enforcement problems, as is the case fdf 8mes (e.g., see Eisfeldt and Rampini
(2008)). Also, general equilibriunflects are important in credit markets. Increased loan demand
will raise the cost of external finance, which wilfteet some of the welfare gains. Finally, we
focus on idiosyncratic firm risk, which is particularly imgsting in this setting, because firms
are not tradable, and hence the owner cannot diversify ks Nonetheless, aggregate risk and
correlated shocks would be interesting extensions to éurixplore macroeconomic implications
of the model.

4’Lowering the default rate to zero is not the desideratum.example, the default rate is zero when no lending
occurs, but this is not a desirable outcome.
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9 Appendix A: Experiments

Table 12 shows that the model is roughly stable wheianges. A3 increasesy remains between 1.5 and

1.6 ando between 0.74 and 0.9. Liquidity constralmtiecreases somewhat because the penalty increases
with T; entrepreneurs become more cautious and run smaller fiomver(h) and to achieve the best model

fit, the optimization procedure lowebso ensure they use enough personal funds. Default decre#beb
because it is more costly to the entrepreneur. Consumptidmeagative equity are stable. Table 13 shows
that the loan rate decreaseslamicreases givep.

Table 12 Benchmark Exogenous Variablas: = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10

T 10 11 12 13 14 15 16 20

u 162 | 155| 149 | 151 | 152 | 152 | 151 | 1.50
o 090 | 083 | 0.75| 0.74 | 0.76 | 0.76 | 0.76 | 0.78
b % 206 | 215 | 220 | 198 | 184 | 17.7 | 17.3 | 154
fit 0.046| 0.042| 0.037| 0.034| 0.034| 0.034| 0.035| 0.036

medianA% | 46.9 | 48.1 | 49.2 | 47.0 | 453 | 443 | 43.8 | 413
default % 4.7 4.4 4.2 3.8 3.5 3.3 3.1 2.5
cons. % 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.5
neg Eq. % | 10.2 | 10.6 | 10.8 | 105 | 10.8 | 11.1 | 116 | 11.1

Table 13 Loan Interest Rate ab Varies

risk aversiorp | 0.9 | 1.2 | 15| 18| 21| 25| 30| 35| 4.0
T=0 19.6 | 17.7| 17.4|18.1| 19.4| 21.6| 24.4| 27.2| 29.9
T=6 18.0| 15.3| 14.2|14.0| 14.3| 14.4| 14.3| 141 | 141
T=8 17.3| 145| 13.3| 13.0| 13.3| 13.3| 13.2| 13.1| 13.0
T=10 16.6 | 13.7| 12.4| 12.1| 12.3| 12.4| 12.2| 12.0| 11.9
T=11 16.3| 13.3| 12.0|11.6| 11.9| 11.9| 11.6| 11.5| 114
T=12 16.0| 129|11.7|11.2| 11.4| 11.4| 11.2| 11.0| 10.9
T=14 15.3| 12.3| 10.9| 10.5| 10.6| 10.5| 10.3| 10.2| 10.1
T=16 147|118, 104| 98| 98 | 98 | 96 | 95 | 94
T=20 136|107 93 | 87| 85| 88 | 86 | 85 | 84

Table 14, 15 and 16 show the results areftewed by substantial changes in bankruptcy 6ogom-
pared to theé = 0.1 benchmark in table 12, table 14 tripeand re-estimates the modeal.o-, b are virtually
undfected, thus the model is robust and detailed cost measutésmast essential in this range. Table 15
reports comparative static results in whiglvaries between 0 and 100%, fixitg u, o at the benchmark
values (i.e., the model is not re-estimated). Agdimas almost no impact on endogenous variables — in
contrast to the comparative statics with respect tdlable 16 shows that has a minor #ect on welfare
(at the median level of risk aversion the gdiosses are less than 0.1%) because (a) bankruptcy occirs wit
only a small probability, and (b) assetscin bankruptcy states tend to be small so deadweightdfsds
small. Clearly, the expected costs, i.e., the product oéia) (b) is second order.

29



Table 14 Higher Cos®: ry = 1.2%,r = 4.5%,8 = 0.97,6 = 0.30

T 10 11 12 13 14 15 16 20

u 179 | 167 | 155 | 150 | 152 | 152 | 1.51 | 1.50
o 108 | 095 | 0.81 | 0.74| 0.76 | 0.76 | 0.76 | 0.78
b % 149 | 169 | 198 | 20.1| 184 | 176 | 17.2 | 154
fit 0.052| 0.046| 0.040| 0.035| 0.034| 0.034| 0.035| 0.036

medianA% | 39.8 | 426 | 46.3 | 47.3 | 453 | 443 | 43.6 | 413
default % 4.0 4.0 4.0 3.8 3.5 3.2 3.1 2.5
cons. % 3.8 3.7 3.7 3.6 3.6 3.6 3.6 3.5
neg Eq. % | 8.7 92 | 102 | 105 | 10.7 | 11.0| 114 | 111

Table 15 Comparative Statics fat: Fix r = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10

) 0.00 | 0.10 | 0.20 | 0.30 | 0.40 | 0.50 | 0.60 | 0.80 | 1.00

fit 0.042| 0.042| 0.046| 0.050| 0.054 | 0.057| 0.060| 0.063 | 0.065
medianA% | 48.3 | 48.1 | 48.0 | 479 | 478 | 47.8 | 47.7 | 47.6 | 475
default % 4.5 4.4 4.4 4.4 4.3 4.3 4.3 4.2 4.2
cons. % 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6
neg Eq. % | 10.8 | 10.6 | 10.3 | 10.2 | 10.1 | 10.1 | 10.0 | 9.9 9.7

Table 16 Welfare Hfect asd Varies: % increase or decrease of net-worth compared tchiesmk

risk aversiorp | 0.9 1.2 15| 1.8| 21| 25| 3.0| 3.5 | 4.0
6 =0.00 00|00|00|00|01](012|01]00]|0.0
6 =0.10 — - = | | = | — | —
6 =020 00|00|00|00|-012|-012| 00| 00|00
6 =0.40 00/0.0|00| 0.0|-0.2|-0.2|-0.2|-0.1|-0.1
6 =0.60 00|00|00|-01|-04|-03|-02]-01|-01
6 =0.80 00/0.0|00]|-0.2|-05|-03|-0.2]|-0.2|-0.1
6 =100 0.0|00|00|-02|-05|-04|-03]|-02|-01
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The remaining tables show théects of slight optimism.

Table 17 5% Optimism:r; = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10, optimism-5%

T 10 11 12 13 14 15 16 20

u 169 | 165| 161 | 158 | 1.55| 152 | 1.50 | 1.48
o 0.75| 0.71 | 0.68 | 0.66 | 0.64 | 0.63 | 0.62 | 0.62
b % 264 | 26.2 | 263 | 26.7 | 270 | 27.3 | 27.2 | 244
fit 0.032| 0.030| 0.029| 0.028| 0.028| 0.028| 0.028| 0.029

medianA% | 55.1 | 549 | 54.8 | 54.7 | 54.7 | 54.7 | 545 | 51.5
default % 4.7 4.4 4.1 3.9 3.7 3.6 3.4 2.7
cons. % 4.4 4.4 4.3 4.3 4.2 4.2 4.1 4.0
neg Eq. % | 12.6 | 134 | 145 | 159 | 171 | 17.7 | 178 | 16.2

Table 18 10% Optimismirs = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10, optimisn=10%

T 10 11 12 13 14 15 16 20

u 192 | 189 | 183 | 1.79 | 1.76 | 1.73 | 1.70 | 1.61
o 083 | 081 0.77 | 0.74 | 0.72 | 0.70 | 0.69 | 0.63
b % 266 | 26.2 | 270 | 272 | 273 | 273 | 273 | 274
fit 0.030| 0.030| 0.029| 0.029| 0.029| 0.029| 0.029| 0.028

medianA% | 549 | 54.1 | 548 | 54.8 | 54.8 | 54.8 | 54.8 | 54.7
default % 4.4 4.0 3.8 3.6 3.4 3.3 3.1 2.7
cons. % 5.2 5.1 5.1 5.0 5.0 4.9 4.9 4.7
neg Eq. % | 15.8 | 16.7 | 175 | 178 | 17.8 | 17.8 | 17.7 | 17.6
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Appendix B: Proofs

Proof of Proposition 1. First, substitute/s(w) = w'*vs andVg(w) = w'*vg into the right-hand
side of the objective of problem 1 and in constraint 2. Thusget

Vs(w) = m%u(c) +,8[f%((1 +1)(w — €A - ¢))Pog dF(X)

+ | (Ax=0)+ @ +1)w- A=) FrsdF(X)|;

%C

Subject to:
f(l —0)xdF(x) + f vdF(X) > (1-€)(d +r¢) (18)
B Be
xeB e vg((L+1)(w-eA-c))” > vs (Ax-0) + (L +1)(w-eA—c)) (19)
(1-€eA<bw (20)
c,A>0, 0<e<l (21)

Let A > 0 and let current wealth be. We must prove thafs(lw) = A1 *w.
Suppose that the entrepreneur’s wealtllusand consumption is changed Ag, the firm’s
assets talA, while e remains unchanged. Then
1- 1-
A ug ((1 + r)(w —eA- C)) ¥ = UB ((l + r)(/lw —edA - /IC)) 8 , and

0

A ug (A(x =) + (L+T1)(w — €A - c))l"’ = vs (AA(X = 1) + (1 + )(Aw — eAA - ﬂc))l_ .

This and (19) imply that bankruptcy s&t remains unchanged. Thus, (18), (20) and (21) are
satisfied. Next, note that the right-hand side of the objeathanges by the factdt*. Because
Vs(Aw) is the maximum utility of the entrepreneur given wealth it follows that

Vs(Aw) > A7*Vs(w), (22)

forall A > 0. Thus,
Vs(w) = Vs (24w) 2 -5 Vs(Aw),
which implies that (22) holds with equality. Substitutimg= 1 andA = w in (22) immediately

implies thatVs(w) = w'*vs. The proof thavp(w) = w'*vg is similar. m
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Lemma 1 Constraint 1 of Problem 1 binds.

Proof of Lemma 1. Immediate: Suppose by way of contradiction that constrdihis slack.
Theno can be lowered thereby increasimg(x), which increases the objective of problerff1m

Lemma 2 Suppose thaB is non-empty. Let

o 1_(0_8)1—# (1+1)(1-€eA—0) 23)
Us A
Then®B = {Xx < X < x*}. Conversely, if x> x, then bankruptcy s&8 is non-empty?
Proof of Lemma 2. If the entrepreneur chooses to default, the entreprenetility is
W) = [nAx+ L+ 1)(1-eA-0)| " ve. (24)
Otherwise, if the entrepreneur does not default, then filigyus
U3 = [A(x-0) + (L +1)(1- eA—c)| " vs. (25)

Note thatx € B if uB(x) > uS(x) andx ¢ B if uS(x) > uB(x).
Suppose that®(x) > uB(x). We show thatiS(x’) > uB(x) for all X > x. Note that

d(us(¥) - u*(x) _ (1-p)1 - n)Avs -0

dx [nAx+ @ +1)(1-eA-c)] va

Thus,uS(x) — uB(x) > 0 implies thauS(x') > uB(x’) for all X' > x. Similarly, u¥(x) > uS(x) implies
uB(x) > uS(x) for all X < x. Let x* solveu®(x*) = uS(x*). Then the bankruptcy set is given by
B = {XX < X< X}. (24) and (25) imply

1-p 1-p
[nAx*+(1+r)(1—eA—c)](1v_Bp) :[A(X*—5)+(1+f)(1—6A—C)](1U_Sp) ’

which implies (23).

Now suppose thax* is given by (23) andk* > x. Then by constructiony>(x*) = uB(x").
Further, the monotonicity result established above inspif¢éx) > uS(x) for all x < x* anduS(x) <
uB(x) for all x> x*. Thus, the bankruptcy set is given By= {x]Xx < X< X’}. m

48The direct &ect is to increase the entrepreneur’s iy decreasing required payments to the lender and the
indirect dfect is to lower the bankruptcy probability.

49At realizationx®, the entrepreneur is infierent between default and continuing to operate the firm.sT(g)
must hold with equality. Solving (2) fox* implies (23).
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Proof of Proposition 2. LetI'(vs) be the maximum entrepreneur utility in Problem 3. We must
prove there existg; such thaf'(vg) = vg. Firstletp > 1. Suppose thak = 0. Thenvg < 0. As a
consequencd;(0) < 0. Now letvs be the entrepreneur’s expected utility from autarky.

yeee

Subiject to:

Note that ifvs = s and we choos@ = 0 in problem 3 then we get the autarky utility. "Thus,
optimization implies thak'(vs) > vs. Sincel is continuous, the intermediate value theorem implies
that there exists a fixed poing.

Forp < 1 we re-normalizes,(x) = (x}* — 1)/(1 - p). Then lim,_; u,(X) = In(x). Suppose that
vs = 0 and thau(x) = In(x). We show thaf(vs) < O.

Letwy = 1 — €A be the amount of net-worth not invested in the firm. Becausedmtinuation
paydt from non-default is zero we get

.
)= _max > p'in(c) (26)
T 0

Subject to:

(o)

C
——— <uwp
2 ey

Furthermore, it is sficient to prove that the objective of (26) is negativedgr= 1, because the
objective is increasing imy.

The first order conditions immediately reveal that

1-8
G =(1+npco = (27)
Substituting (27) into the objective of (26) yields
T T
D BIn(@+1)'8) + > pIn(co). (28)
t=0 t=0

If B(1+r) < 1then (28) is strictly less than 0. Thus, there exi§g$ with (1 +r(8))3 > 1 such that
['(0) < O for allr < r(B). By continuity there existp < 1 such that’(0) < 0 for p > p. Finally,
I'(vs) > vs for the autarky level of utilitws. Thus, continuity of” implies the existence of a fixed
pointvs. m
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Appendix C: Match Criterion

We compare criterion (17) to the alternative square digtaniterion.

Table 19 Supremum Normr; = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10, optimism=0.0%

T 10 11 12 13 14 15 16 20

7 162 | 155 | 149 | 151 | 152 | 152 | 1.51 | 1.50
o 090 | 0.83| 0.75| 0.74 | 0.76 | 0.76 | 0.76 | 0.78
b % 206 | 215| 220 | 198 | 184 | 17.7 | 17.3 | 154
fit 0.046| 0.042| 0.037| 0.034| 0.034| 0.034| 0.035| 0.036

medianA% | 46.9 | 48.1 | 49.2 | 47.0 | 453 | 443 | 43.8 | 413
default% | 4.7 4.4 4.2 3.8 3.5 3.3 3.1 2.5
cons. % 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.5
neg Eq. % | 10.2 | 10.6 | 10.8 | 10.5| 10.8 | 11.1 | 11.6 | 111

Table 20 Square Normr = 1.2%,r = 4.5%,8 = 0.97,6 = 0.10, optimism=0.0%

T 10 11 12 13 14 15 16 20

7 153 | 149 | 147 | 146 | 144 | 141 | 142 | 141
o 0.74 | 0.70 | 0.70 | 0.69 | 0.67 | 0.65 | 0.67 | 0.69
b % 214 21.8| 209 | 203 | 20.3 | 20.7 | 19.3 | 17.3
fit 0.020| 0.019| 0.019| 0.019| 0.019| 0.019| 0.019| 0.020

medianA % | 50.2 | 50.8 | 49.6 | 49.0 | 48.9 | 49.3 | 47.4 | 447
default% | 4.7 4.4 4.0 3.8 3.6 3.4 3.2 2.6
cons. % 3.7 3.7 3.6 3.6 3.6 3.5 3.5 3.5
negEq. % | 9.8 | 10.2 | 10.1 | 10.3 | 10.9 | 11.7 | 11.8 | 11.5

10 Appendix D

10.1 Construction of the Distribution of Firm Returns

Herranz, Krasa, and Villamil (2009) use the 1993 SSBF to agmihe return on assets (ROA)
because it includes interest payments. They exclude urpocated firms because the SSBF data
do not account for the entrepreneur’s wage from running the. fiThe firm’s nominal after-tax

ROA is: _ _
o Profit after taxes- Interest Pald+ 1

2
Assets (29)
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Interest paid is added to after tax profit because the ROA ingkide payments to both debt
and equity holder® The nominal rate is adjusted by 3% for inflation (BLS CPI 199BDA is
computed instead of return on equity because many firms hgatise equity (about 16% in the
1993 SSBF and 21% in 1998). Many of these firms stay in busivessuse owners use personal
funds to “bail out the firm.” Computing a ROA and modeling owsiallocations of equity and
debt accounts for thi%.

10.2 Numerical Procedure

Given model parameters, compute solutions to problem 3liasvia For fixedvs, use the first
order conditions to solve for the optimum. (9) is always klagincec + €A = 1 would imply
zero future consumption. We need only verify if (10) and (@) bind by checking for positive
Lagrange multipliers in the first order conditions. Ingagtihe solution of the first order conditions
into the objective yieldE(vs). To find a fixed point, compute slop&us) by the Envelope Theorem
or compute the dierence of” betweervs and a point;, giving solutione, A, ¢, v. Section 3.2
explains how to go from these point estimates to cdfs. Coeypditom the first order condition
using the fact thais — oo asp L;_).52

Appendix E: Limited Liability

Suppose that entrepreneur can be forced to pay a percent#gwivate assets in the case of
default. This yields the following optimization problenrfan individual entrepreneur.

Problem 4 Vs(w) = maxa.;u(c) +,8UB Vi1 (A - y)(X+r)(w - eA-c))dF(x)
+ Juo Vs(A(X = 1) + (1 + 1)(w — €A = ) dF(¥)]
Subject to:

LmR xdF(X) + Lm&(l— O)X dF(X)

(30)
+Ly(1—5)(%—e—%)dF(X)+ch_dF(X)2(1—6)(1+rf)

xeBifandonly if Vg1 (1 —y)(L+r)(w—-€A-c)) > Vs (A(X-v) + (L+r)(w—-eA-c)) (31)

50we use after tax returns as this is relevant for an entrepren@lecide how much net-equity to invest.

5lComputing ROE is misleading for firms near distress. For fiwitl low but positive equity, small profit gives a
high percentage return. Also, many loans are collatemdlizeok value of equity understates owner contribution (the
“correct” value of equity).

52Choose a large value fag, solve for the remaining parameters includjmgwhich approximatep. In other
words, rather than solving the fixed point problemdgrsolve it forp. -
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(1-€eA<bw (32)

c>0,A>0, 0<e<1 (33)

Note that the investor’s constraint is normalized by asdétss, the payment in bankruptcy states
made out of the entrepreneur’s personal assets must bedibidA.

Again, suppose that the entrepreneur’s wealthuisand consumption is changed ig, the
firm’s assets taA, while e remains unchanged. Then as in the proof of Lemma 1 we can $tadw t
the constraints of Problem 4 are satisfied and Yh#iw) = 12 *Vs(w). Similarly, it follows again
thatVg(Adw) = A1 *Va(w). Thus, we get an optimization problem that is analogousablem 3.

x* 1-p
PmUemSUS:wm&M5w®+B@L;kl+0«1~ﬂﬂ—eA—®ﬂ dF(X)

+pos [([AG=0)+ @ +1)(1-eA-0)| " dF()]

Subject to:

fx* min{x, (1 - §)x} dF(x) + fx* y(1-9) (% —€— %) dF(x) + fx vdF(X) = (1-€)(1+r¢)(34)

X*

ﬁ:nm%?—k—cbqoeaﬁza+”a;EA_®4} (35)
c+eA<1 (36)

(1-e€)A<b (37)
C>0,A>00<e<1 (38)

Note that fory = 0 this problem is equivalent to Problem 3.
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